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Abstract

In the presence of estimates divergence due to errors in
system dynamics modelling and to algorithm numerical ill-conditioning,
Kalman filter usefulness is seriously impaired. A procedure to estimate
the state noise level adaptively and in real time in order to
represent the errors and to prevent divergzence is proposed. The
adequate noise level is adjusted by using a criterion of statistical
consistency between estimated errors and observation residues.

Results of preliminary tests, in the case of artificial satellite
orbit determination in real time, are presented and show the
procedure capability of avoiding divergence and of giving results of

acceptable accuracy.
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1 — INTRODUCTION

In the state estimation of dynamic systems, the
performance of the Kalman filter can be seriously degraded if the state
error covariance matrix is not consistent with the correspondent
deviations on state estimates. Under normal conditions the filter
should improve the estimates precision leval while additional data is
processed and, as a consequence, it should decrease the order of
magnitude of the calculated variances corresponding to the associated
errors., However it frequently occurs that the calculated variances
become nonrealistically small indicating an excessive confidence in
foregoing estimates, so that subsequent data is ignored by estimator,
resulting in the divergence phenomenon (Fitzgerald, 1971). A major
cause of divergence is the use of inaccurate filter mathematical models
to express the observation relationship and the system dynamics.
Numerical errors,specially those due to employed algorithm,constitute
another important divergence source (Bierman, 1977). In view of this,
it is proposed to estimate an adequate state noise level, which
represents the involved errors in the sense of adjusting the predicted
covariance matrix to be comsistent with these errors and, thus,to avoid
divergence (Section 2). To do so the noise ismodelled as a white
Gaussian sequence and adaptively adjusted step by step, in parallel
with state estimation, adopting a generalized statistical criterion of
consistency between estimated errors and observation residuals
(Jazwinski, 1969, 1970; Rios Neto and Kuga, 1981, 1982), which is
implemented by: 1) utilizing the abstract concept of the true residue
(the one that would occur in the absence of observation errors) and
imposing the state noise to be such as to maximize the probability of
occurrence of this residue; ii) and utilizing the limit 30 (standard
deviation) of the corresponding observation error instead of the
calculated residue whenever that limit is exceeded, to avoid the
overweighting of bad local observations or the destruction of the
linearization hypothesis in the case of nonlinear problems. The main
objective behind the development of the procedure is to have a
sequential state estimator for nonlinear dynamic systems in situations

where a good local level of information exists in the observatioms but



where a lack of knowledge in the filter model occurs either due to
linearization present in the extended Kalman filter or due to unmodeled
accelerations not considered in the system dynamics filter model. This
is exactly the case in the situation tested when one attempts to
determine in real time the orbit of a mear Earth artificial satellite.
The quality of the results obtained through digital simulatiom

(Section 3), though can only be considered as a preliminary validation
of the procedure, gives a good indication of its adequability for the

type of application it was developed for,

2 - STATE NOISE ADAPTIVE ESTIMATION

Let a dynamic system be given by

Beet = St x B Y Ik Y (N

Y, = Ek £t Y (2)

where equation (1) represents a linear discrete dymamic system,or the
discretized model from a linear continuous dynamic model, or the
linearized discretized model from a nonlinear dynamic system; equation
(2) representsa linear or linearized scalar discrete observation

{measurement) model; k denotes time t ig the n-dimensional state
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vector a tk’ Qk+1,k is the transition matrix between tk and tk+1’

W is the r-dimensional white noise characterized by W~ N(O,gk); Y is

the scalar observation; and v, is the white sequence characterized by

k
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Vi N(O,Rk), R 0 scalar. For this system the Kalman filter

(Jazwinski, 1970) is given by:
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where equations (3} to (5) give the measurement updating at £ of the
state (Xk) and of the covariance matrix (P ), due to measurement Yy 3

equations (6} and (7) furnish the predlctpd values of the state (x

“k+ 1)

and of the covariance matrix (Ek+1) just before a new observation is
processed.

The main objective of the state noise adaptive estimation
procedure is to adequate the state noise level in order to avoid
divergence. This is accomplished by estimating the gk covariance of
equation (7) having in mind its influence over the state estimator
updating cycle, equations (3) to (5).

Defining the residue with respect to a scalar observation

Yk+1 by

et = Yot = Beot o 8)

and the true residue (residue without observation error) by

v
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the criterion of statistical consistency is realized by imposing that:

(x k+1)§ = E [(rk 1)2] , (10)

where, under the hypothesis of normal distribution for the process of
the equations (1) and (2), this is the necessary condition to maximize
the probability of the realization (rk 1) of the random variable r.

k+1°
Combining now equations (1) and (2) with equations (8) and (9), there

results:

Tt = Dy Dipq i G- + Il + v oo an
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From equation {(14) 1t 1s seen to be reasonable to define
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characterized by:
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) is the realization of the random variable r .
k+1'c k+1

corresponding to the calculated value of the observation residue.

where (r

Thus the following model can then be taken to represent the condition

of equation (10):
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Because nk+1 has zero mean and is a statistical noise, it is allowed to

make
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Finally assuming a diagonal Qk matrix, whose elements U1, 1 L
- ] s

are components of a qk+1 vector, results:
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with Mo being the 1z r vector given by:
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where H. and [.., 1 = 1,2,...,r are elements of the Hk vector and of
] Jj1 =k+1
the T, matrix, respectively. Then equation (18) is rewritten as a

pseudo-cbservation equation:

Zeat = Beet Ferr T et o 20
where 2y is the scalar pseudo-observation defined by:
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With the help of the Kalman filter it is possible to process

sequentially the pseudo-observation:
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where qk 1 and Pk ; are a priori estimated values of Gy 1 and of the
error covariance matrix of 9ep1? respectively, After the processing

of all pseudo-observations at instant t the Qk matrix results as

k+1’
given by:
a a >
Ueyt,1 FOF Gpyq,3 = 0
q . =
k+l,1 0 otherwise

g, = diag. { Qyp,i 3 B = 1,2,000,F }. (24)



The statistics E£+1 and ?ﬂ+
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where ¢q is the transition matrix of the evolution of q between
k+1,k

q : . . .
ty and te1? assumed here as @k+1,k = Erxr’ and Ek+1 is a diagonal

covariance matrix of the Gaussian white noise vector WE+1:
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where p is the computer number of mantissa digits.

3 - NUMERICAL TEST

To test the procedure a sitvation was chosen where both
nonlinearities and lack of knowledge of system dynamics comntribute to
filter divergence. It corresponds to the problem of real time orbit
determination of a low altitude Earth artificial satellite.

Satellite Data and Obervation

The satellite initial orbit was characterized by:

.. o . . , ‘ .
zero excentricity, 42  inclination, 250km of altitude,

Afm = 0.0076m?/k_, .= 2.0,
g D

where A/m is the area over mass ratio and CD is the drag coefficient.
To simulate the observations a true orbit was generated
by numerical integratiom, including the influence of gravity (up to Je
zonal and Cuu, Suy tesseral coefficients), of atmospheric drag, and of
the perturbations of Sun and Moon. Combining the data from this orbit
with the locations of fictitious topocentric tracking statioms,
observations of range and range-rate were generated at each second,

corrupted by noise with the following standard deviations:



o = 3m Gb =1 cm/s .

Tilter Model and Initial Conditions

Aside from the nonlinearities effects, to characterize a
situation of system dynamics lack of knowledge the model used in the
extended Kalman filter only included gravitational attraction up to

zonal J,, resulting in an equation of the form:

b3

= §(§9t) + (_;(t) \E(t):
e s £6e) =[xy ¢ g,
QT(t) = [nga : nga], (27)

where X, is the position vector; £ is the velocity vector; a is the
vector of the modelled accelerations (up to J;); and w(t) is a white
Caussian noise process,approximated by a white Gaussian sequence of
fixed realizations between observations, in order to be adjusted by the
procedure proposed in Section 2.

The filter was initialized with errors of 1000m in
position and of 10m/s in velocity, and with a diagonal state error
covariance matrix with variances of 9x 10°w® for position components
and of 9x 10%m%/s? for velocity components. To start the noise

adjustment the following values were taken (equation 25, Sectiom 2):

pd < diag. (107"} ;4 =0,
-0 Ix3 minu -

where er is the Earth radius.

Results
To obtain the results that follow , all the simulations
and tests were carried out on a BURRQUCHS 6800. To evaluate the quality of
these results, the following parameters were defined to represent the
true and estimated errors for position and velocity, and the

normalized observation residues:
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where the over hat are to indicate estimated wvalues; ﬁii is the i-th
estimated state error variance; NE is the number of observation stations
at a processing time; and y is the calculated value of the observation
using the estimates.

fn the first case tested with three stations observing
the satellite, gk was taken to be zero in equation (7), that is, no
adaptive adjustment of state noise or any other means to consider
state noise was taken. As it was expected, divergence occurred as
shown by Fig.1 (AxP and A ip versus time) and Fig.2 (Axv and Aiv versus
time). The poor dynamic model of the filter induces the estimator to
learn too well the wrong solution implying in too optimistic
estimated errors.

Keeping the same situation concerning the observation
stations and the filter model, but including the treatment of state
noise by the procedure of Section 2, changes completely the behavior
of the estimator. Figs.3 and 4 show the estimated errors to be
consistent with very small attained true errors (0.3m and 0.01m/s).
Figs.5 and 6 show the normalized residues of range and range-rate
behaving as they should in the presence of convergence.

To illustrate the influence of the local level of
information upon the results given by the proposed procedure, cases of
one and two observation stations were also considered. Table 1 shows
the results obtained in theses cases as compared to the ones with

three statioms.



4 - CONCLUSIONS

Divergence is almost always a problem when one uses
Kalman filter to estimate the state of not well modelled dynamic
systems, unless some kind of compensation technique is adopted. The
procedure presented is intended as a tool to be considered in the
solution of this problem. But it will only work properly in those
situations with a high rate of observations and where, at each
observation time, a good level of information is provided. This is a
necessary restriction since the compensation dome by the procedure is
in making the estimated errors covariances to become consistent with
cbservation residues, such as to improve the extraction of the
available information. Thus if this extracted information is not enough to
compensate the degradation of the estimate caused by prediction with a
poor dynamic model, the procedure will certainly fail.

The before mentioned restriction, when satisfied to the
limit of having observations which guarantee complete local conditions
of observability, can be advantageously explored, since the use of the
procedure should allow good real time state estimator with little
knowledge of system dynamics. A potential area of application is
navigation,where this is exactly the situation with the local
redundancy of information given by the modern means of observation such
as navigation satellites (Kruczynski, 1977).

Finally, even though not intended to, the procedure can
be used to solve those idealized problems of estimating the dispersion
of perturbing state white noise of systems represented by a linear
dynamics and linear observation relationships under the necessary

conditions of observability.
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Table Captions

Table 1 - Results
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