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SUMARIQ

Analisa-se aqui'o problema de condugao de¢ calor em uma
Placa plana submetida a uma geragdo interna de calor nio-uni
forme, com uma de suas bordas resfriadas por convecgao, en
quanto parte da borda oposta a esta € submetida a um fluxo
de calor. O restante desta, assim como as outras duas bor
das, estiio perfeitamente isoladas. O problema & resolvido
pelo método de diferengas finitas e os resultados siio anali
sados em fungdo do modulo de Biot, parimetros geométricos da
placa, a relagao entre geragdo interna ¢ fluxo de calor e o
perfil da distribuigiio da geragao interna.( OUAJEVL}-

| SUMMARY

The conductive heat transfer in a rectangular plate
with nonuniform internal heat generation, with one end
convectively cooled and a'pért of the opposite end subjected
to external heat flux is considered. The remaining part of
this end as well as the other two sides are thermally
insulated.” The govérning differential equation is solved by
a finite difference scheme. The variation of the thermal
resistance with Biot modulus, the plate geometry, the
internal heat generation parameter and the type of profile

of internal heat generation is discussed. ( Qkkllwg{]
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1. Introduction

During the thermal design and analysis of satellites,
when the object is to keep the temperature of the various
¢lectronic components bhelow the maximum operating tempera-
ture, a knowledge of the equivalent thermal resistance of
the mounting plates of electronic banks is essential. Some-
times, the mounting pliates may be convectively Eooled hy a
fluid. Here we analyze the problem of a thin rectangular
plate, with a portion of one side in contact with an extcrnal
wall, receiving a specific flux, the opposite side being
convectively cooled by a fluid at a constant temperature.
The remaining sides are insulated. It is also assumed that
heat dissipation of the electronic components can be repre-
sented as a nonuniform internal heat generation, The
geometry is shown in figure 1.
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Fig. 1. The geometric configuration

Oliveira and Forslund [1], considered a problem of
similar geometry with constant external h=at flux and with
no internal heat generation. Schneider, Yovanovich and Cane
[2], extended the same problem to the case of nonuniform
heat flux, but with no internal heat geperation., They
considered three different profiles for the external heat
flux and concluded that the nature of this profile has no
influence on the thermai resistance. Venkataraman, Olivcira
Filho and Cardoso [3] extended this problem to include
constant intesinal heat generation and obtained the solution
analytically. In this case also, the thermal resistance
was found to be insensitive to the nature of the external
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heat flux profile. The object of this work is to extend the
work of reference [3] to include nonuniform internal heat
generation. The governing differential cquation is solved
by a finite difference scheme. The accuracy check is made
by comparing with the exact solution for the case of constant
heat generation !:3]. Following this, three diffcrent types
of profiles are assumed for the internal heat generation and
their effects on thermal resistance are studied. The last
profile assumed, simulates closely the situation arising in
a satellite. Finally, the results for thermal resistance
are presented graphically as functions of Biot Modulus.
plate geometry, relation of internal heat generation to
external heat flux and the nature of the profile for the
internal heat generation.

2. Formulation .

As shown in figure 1, the rectangular plate of widthb,
height ¢ and thermal conductivity k is subjected to external
heat flux per'unit time q(x) over the contact width a. The
remaining portion of this side as well as the lateral sides
X = 0 and x = b are insulated. The topside y = ¢ is cooled
convectively by a fluid at constant temperature Ty and with
a constant film coefficient of heat transfer h. The
nonuniform internal heat generation per unit volume, per
unit time in denoted by'qv(x..y). The steady state tempera-
ture T(x, y) inside the plate is‘governed by the two-
-dimensional Poisson equation:

2 2 -
02T , 32T _ -~aqv(x, y) (1)
ax? ay? k
The boundary conditions are
y-0.0sxsa‘_al.n_:JgE_)_—. (2)
3y k
aexeb, 2 =0 (3)
y

y=c, 0exsb, 2 = Rrr, o)-1] @)
oy k
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= T
x=0, 0sysec, — =0 (5)
X
x=b, 0eysec, 2 = 0 (6)
ax

Following [2], we nondimensionalize equation (2) using the
following nondimensiovnai variables:

B:L‘ n:.-.—.L;QaM (7)
b b Q+ Q

Where £ is the thickness of the plate normal to the cross-
-section, Q is the total heat flow rate and Q, is the total
internal heat generation rate. Thus

a ctb )

Q=4¢ J q(x) dx, Qg = Zl I qy (x, y) dx dy (8)
0 0 Jo

Using these nondimensional variables equations (1) to (6)

become

2 - 2
3 e 229 . qv(B, n) b% £ (9)

282 an? Q + Q,

with the boundary conditioms:

n=0, 0cpge, 20 --q(B)bl (10)
an Q + Qy
e sBsl, 22 =0 (11)
an
30 .
n*a, 0 sBsl, = - Bi0o(B, a) (12)
an
8«0, 0gns¢a, ﬂgg_ =0 (13)
. : 28
B=l, 0¢n¢a, =2 ap (18)
) 28
Where ¢ = b—' aw= 1;- and Bx"A%L is the Biot modulus., When

the internal generation qy(#.n) is not a constant, the
sotution of oquation (1) has to bo obtninod rumerically. At
this stage it is necessary to specify q(s) and qy(8, n). As
mentioned befare, the nature of the profile of q(8) has no

influence on the thermal resistance [2, 3].and.hencc we
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take it as equal to a constant q. For qy(8, n) we consider
the following three profiles:

Profile A: qu(8, n) = qy, 6n(1-8) (a-n) (13)
(lvB(l - g)e~n (16)

"

Profile B: q,(8, n)

Profile C: qy(8, n) Qv for the region 8; s 8 5 By
and n; € n § ng,

0 outside this region (17)

(]

The last profile here closely simulates the conditions
arising in satellite thermal analysis, and the zone of heat
generation is taken approximately near the center., We
define an internal heat generation parameter G as

G=-3vb_ (18)
. q
Where q, = b%YZ is the average internal heat generation

rate per unit volume.

The differential equation (9) can be written in terms
of the paramecter G for each of the profiles A, B and C. Thus
for profile A, ecquation (9) becomes

220, %8 _ __-a@G Bn(1-8) (o-8) (19)
ap? an? e+al galal
l{a
where gpla) = I I Bn(l - 8) (e - B) dBdn (20)
0/0 '

and equation {10) becomes

20 _ _ 1
an e+tal

n=0, 0<8<¢e,

(21)

All other boundary conditions remain the same. Similar
expressions can be written for the profiles B and C. The
nondimensional thermal resistance R of the platc is defined as

k 2(T.- T.)
R = c f (22)
Q + Qy.
where T. is the average contact temperature of the lower
plate given by

\ €.
T, - —I-—J T(8, 0) dB (23)
£ Jo
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From equations (7), (22) and (23). the nondimensional
resistance turns out to be

. o .
R = —L] o(8, 0)ds (24)
€ 0

Thus the nondimensional thermal resistance 1s'equa1 to the
nondimensional average contact temperature.

| 3. Numerical solution
! For the finite difference solution, by discretizing

_§; the plate as shown in figure 2, we obtain the following
B difference equations for profile A.
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Fig. 2. Discretization of plate
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occurs for a = DE and G = 1.0, (figure 3). for most of the
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Where ng and ny are the number of divisions correspond1ng to
i apd j respectlvely. This system of linear algebraic
equations are solved by the method of residues by start1ng

with the 1nit1g} guess ofﬁﬂ'

' 2 . . bore

0 == = G nl)] - “lnj + GG ( l * a ) +
W evag 1+aG c+aG Bi 2

X + - (a' + _L) . B ,‘(31)
1+aG - Bi ' .

which represents the temperature distribution for the one
dimensional case in the n direction, such that

im  9al _j.- - ogna ‘1lim avbel . if
a-+0 Q : b+0 Q T
q -+ : Qy + »= '

4. Results and discussions '

For the calculation of the thermal resistance and the
temperature, a max1mum res1dua1 of 10°3 was used, after
testing that w1th this res1due.the maximum error turns out
to be 5% when conpared with the analytical solutxon of [3]
for the case of q nstant heat generation. ‘The maximum error

other cases  the orror is around 0.1%

i - AuALir"ncAL SOLUTION
2.0t ——nunzmm SOLUTION- R

H

Fig. 3.»Colparison between nu-erical an4 analytxcalsolu;ién{
For o = 0.2, s-lo.. ' :
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The isotherms are plotted for the case of the profile
C in figures 4 and 5, where the are of the heat generation
and its location is shown to scale. The thermal resistance
for the profiles A, B and C are plotted against e for
G = 0,01, 1.0 and 50,0 for various a and Bi in figures 6, 7
and 8.
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Fig. 4. Isotherms for profile C for a«=0.2, Bi = 1.0,G=50.0
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Fig. 6. Thermal resistance for a = 0.05, Bi = 0.01

Yor the profile A, the thermal resistance as well as
the temperature distribution does not show any significant
change in its be.aviour (figures 6, 7 and 8) when compared
with the case of constant heat generation [3]. This is
because of the smanll variation of the qy profile at the
contact region. For the profile B, the thermal resistance
values are higher than those for constant generation [3].
This is because of the concentration of the internal heat
generation near the contact edge, thereby causing a higher
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temperature and hence the ‘increased resistance. For the
profile C, the thermal resistance increase becomes
significant for large values G, and values of ¢ and a for
which the zone of heat pgeneration is near the contact
surface, This can be visualized by the isotherms for «=10.2
and 2.0 (figures 4 and S5), lor a = 2.0, the region of heat
generation is relatively far from the contuct region and
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Fig. 7. Thermal resistance for a = 0.2, Bi = 1.0
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hence for moderate values of G, the contact surface tempera-
ture rcmains approximately comstant. ‘Thus the thermal
resistance remains constant with e. For a = 0.2, the region
of heat generation (0.4 s # s 0.5) is close to the contact
surface. Thus for G = 50 there is a considerable increusc
in resistance for ¢ in the range of 0.4 to 0.0,

1
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0rs 0.20 040 060 0.60 i.0

i Fig. 8. Thermal resistance for a = 2.0, Bi = 30,0
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Thus the behaviour of the thermal resistance is

dircctly dependant on the type of profile used, thus

necessitating specific analysis for each case. However for
the three cases analyzed here, the influence of some of the

parameters is similar to the case of constant heat
generation:

C1]

2]

(3]

- The resistance decreases with increase of G.

- The maximum value of resistance occurs for minimum
value of a, e, G and Bi.

- For small values of « (of the order of 10-2) und
whatever value 'of ¢, the thermal resistance tends to

the value o + 1 when ¢ tends to 1.
Bi
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