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ABSTRACT

The parcel method of investigating the susceptibility of the atmosphere to particular disturbances involves
postulating parcel displacements in an undisturbed environment and deducing the likelihood of such a dis-
placement by estimating the kinetic energy change that would result. On the convective scale, such a method
has provided realistic and practical criteria for the existence and intensity of such motions. On the larger scale,
theoreticians tend to reject such arguments as heuristic at best. .

This paper is an attempt to reconsider the role of parcel theory on different length scales and, in particular,
in the application of symmetric instability ideas to frontal rainbands. It is concluded that parcel theory has to
be applied with care but that in some situations it can provide a useful—though partial—insight into atmospheric

disturbances.

1. Introduction

In parcel theory the motion of a continuous atmo-
sphere is replaced by that of the parcel of interest and
‘the undisturbed environment through which it moves.
This implies the neglect of the perturbation pressure
forces acting on the parcel. Also, the surrounding air
has to allow the parcel to pass without being affected
itself; thus, a source of ambient air replaces the parcel
at its original location and ambient air disappears at

the parcel’s new location. Clearly, this model can only

be a good representation of nature in special circum-
stances. The parcel method appears to have been in-
troduced into meteorology by Solberg (1936).
Having accepted these assumptions it is imagined
that the parcel is given a displacement and at its new
location the resultant force acting is examined to de-
termine whether the parcel will continue to move away
from or back toward its original location. This analysis
then forms the basis of determining whether a given
flow is stable or unstable to such displacements. Notice
that the resultant force is computed, consistent with
the assumptions, neglecting the pressure gradient force.
Furthermore, . the parcel, if unstable, can be imagined
to move until it reaches an equilibrium level, or point,
where the resultant force changes to being unfavorable
to further displacement. There may in practice be a
range of initial displacement vectors which allow con-
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tinued displacement and a maximization principle can
be invoked to determine the preferred vector. Over the
total trajectory the kinetic energy equation can be used
to determine the parcel kinetic energy in terms of the
structure of the flow through which it has been moved.
This parcel kinetic energy will be a maximum for the
preferred displacement. The use of kinetic energy ac-
quired by the parcel is in sharp distinction with the use
of global energetics for example in the general circu-
lation or in the life cycle of a baroclinic wave. Here,
kinetic energy is a local concept, being the integrated
resultant force along the parcel trajectory or, equiva-
lently, the total work done on the parcel by the buoy-
ancy and inertial forces.

An obvious feature.of a local model such as parcel
displacement is that no account is made of the bound-
ary conditions that any geophysical flow must satisfy.
In effect, the unstable displacements described by parcel
theory will only occur in the atmosphere if the bound-
ary conditions can be accommodated. As will be seen
the predictions of parcel theory, which take no explicit
account of such conditions, are often remarkably re-
alistic. The example of baroclinic instability is a case -
in point, where nonlocal dynamics are evidently crucial
in a normal mode analysis but where the simple ap-
plication of parcel theory can give rather accurate pre-
dictions over a wide class of unstable flows.

A form of parcel theory has been used in small-scale
convection studies with some success. The familiar no-
tion of the positive area on a thermodynamic diagram
arises from this application of the theory. On the syn-
optic scale, Eady (1949) and Green (1960) used the
idea of exchanging parcels in an undisturbed environ-
ment to illuminate the origin of the energy which the
former had shown could be released in baroclinic in-
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stability or large-scale “slope convection.” A more re-
cent application of parcel theory to moist symmetric
instability occurring in frontal rainbands has been
made by Emanuel (1983). This corresponds to the lin-
ear conditional symmetric instability described by
Bennetts and Hoskins (1979).

This paper will reexamine the use of parcel theory
in these cases both to clarify the general method and
to assess its usefulness in producing extra dynamical
insight. It will be emphasized that the parcel method
is not a complete theory, but that its usefulness for
gaining insight should not be dismissed.

Before discussing parcel theory, the equations gov-
erning the generation of kinetic energy following the
motion in a two-dimensional baroclinic flow are de-
rived in section 2. These are necessary background
equations as the parcel theory is couched in terms of
the change of kinetic energy along a trajectory.

2. Lagrangian kinetic energy equations for a two-di-
mensional flow

Thp Boussinesq f-plane equations for frictionless
flow independent of the y-direction may be written:

Du 9 _
Dt ﬂ+w_o
Dv
E+fu—0
Dw  9¢ _
Dt+8z b=0 (1)
Db _
Dt
Veu=0
where
D 9 a Ie] 0
—~=—4uV, V=(—=,0 = =g—
Dt a MY (ax’o’az) and b=gg-.

Consider a basic flow u = (0, 7, 0) which is fixed in
time and in geostrophic balance with a geopotential,
and an additional eddy flow u’ = (&, v, w') which is
not necessarily of small amplitude. The kinetic energy,
K, can be conveniently subdivided in the following
way:

K=K+K+K,
where K = !/,|u|? is the total kinetic energy, K
= '/,0% is the kinetic energy of the basic flow, K
= Do’ is the term associated with the addition of the
eddy field to basic flow, and K’ = '/,|u’| % is the kinetic
energy of the eddy motion alone. A further subdivision
of this “‘eddy kinetic energy” wil be of use later:

K' =KL + K7,
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where K7 = /,0'? is the kinetic energy of the eddy flow
in the longitudinal direction (i.e., that of the mean
flow), and K'r = $(u'? + w'?) is the transverse eddy
kinetic energy. The transverse eddy kinetic energy is
made up of two parts:

KT = K7x + K72,
where Kry = l/zu'2 and Kz = l/zwlz.
In Fig. 1 we show the evolution of the various con-
tributions to the kinetic energy following the motion
in diagrammatic form. The terms contributing to the

rate of change of kinetic energy are associated with
either generation, G, or conversion C:

C= —u'g—f— w'%
Cp = —u’v’g)—i: - v’w’g

T= fu'v'
G’TX=—u’%

=G+ Grz. (2)

¢’

Grz=-w —+ wb'
_ dz
Figure 1 can be converted into equations; for example,

—1)7=CL"CT.

It should be noted that K, C, G are first order in the
eddy motion whereas K7, K7, Gy, C'r, C are second
order in the eddy motion. Also X is not a positive def-
inite quantity. Integrating over a region which has zero
eddy motion at its boundaries gives net generation
terms:

f(é+é)dV=fG‘dV=fw’5dV
and

f GrdV = f w'b'dV.

The pressure force terms in G’y and G'rz can only lead

"to a redistribution of the buoyancy generation term

w'b’ from K'rzto K'rx. This provides the only coupling
of K'r with the other contributions. Indeed, Gz =
if the eddy is hydrostatic and the energy from the
buoyancy generation is completely transferred by the |
action of the pressure force, to K'rx. .
It is clear from Fig. 1 that even for a simple basic
flow the kinetic energy generation can be rather com-
plicated. The conversion and generation terms are re-
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HG. 1. The Lagrangian kinetic energy conversions, C, and generations, G, in a
baroclinic flow in two dimensions. The suffix L indicates longitudinal, T transverse, x
the direction perpendicular to the mean flow, and z the vertical direction. The overbar
indicates terms associated with the basic flow which is time independent, and the tilde
indicates the contribution due to the presence of the eddy flow in the direction of the

. basic flow. The terms are all defined in Eq. (2).

ferred to by Eliassen and Kieinschmidt (1957) as the
rate of change of an “effective potential energy.” It is
known from that work that the stability of a flow
v(Xx, z) can be investigated by minimizing this effective
potential energy for a vertical displacement in the
transverse direction. This is equivalent in our termi-
nology to maximizing the kinetic energy K'%. This
variational technique can be mathematically complex;
see Eliassen and Kleinschmidt (1957) and Shutts and
Cullen (1987) for details. Eliassen and Kleinschmidt
(1957) make the point that in some cases, such as up-

right convective instability, the results of a simple parcel

theory can lead to the same conclusion as the more
elaborate method. However, a note of caution is made
there that the gross assumption of the parcel method,
namely an undisturbed environment through which to
displace the parcel, may lead to errors in general. This
assumption is equivalent to the neglect of the pertur-
bation pressure forces.

3. Parcel theory for a baroclinic flow

We now consider the parcel method for various ex-
amples of baroclinic instability. The discussion will
draw together strands of thinking from a variety of
other work. In particular, we reexamine the role of
pressure forces in symmetric baroclinic instability and
relate the parcel model to the normal mode analysis.
Various generalizations of the results obtained by
Emanuel (1983) will be developed in section 3d after
a brief digression in section 3c to consider nonsym-
metric baroclinic instability.

a. Role of the perturbation pressure forces in symmetric
instability

The basic dynamics of symmetric instability in terms
of the restoring forces acting due to a small perturbation

away from the basic flow were described by Hoskins
(1978). These forces imply a symmetrically unstable
flow for displacements in a sector including that be
tween the absolute momentum (71 = v + fi) and neu-
tral buoyancy # curves, when the 8 surface is steeper
than the m surface. No assumption of the smaliness of
the perturbation pressure forces are made there and
indeed we now show that neglect of these forces can
only be made for parcel trajectories close to the neutral
buoyancy curve:

Scaling arguments suggest that, in general, the com-
ponents of the perturbation inertia (Coriolis), buoy-
ancy, and pressure gradient forces in the direction of
the slantwise motion, i, b, and p;, respectively, are all
comparable. In the normal direction, #, is negligible
for quasi-hydrostatic motion and there is an approxi-
mate balance between b, and p,,. :

Consider the special case of a normal mode in an
infinite atmosphere with uniform basic flow gradients.
Then p; is identically zero and the resultant force in
the direction of motion is i; + ;. Therefore, the parcel
argument that ignores the perturbation gradient force,
p does give the correct work done on the parcel. This
is the reason why the parcel model gives the correct
stability criteria and implied growth rate of such normal
modes {cf. Eliassen and Kleinschmidt 1957, p. 70, ital-
icized paragraph). However, the parcel displacement
would not have occurred without p, providing the bal-
ance in the across-flow direction. Hence, the pertur-
bation pressure force is crucial. For a more general
basic state but for motion along gently sloping neutral
buoyancy surfaces, p is zero under the hydrostatic ap-
proximation. Thus deductions on the basis of neglect-
ing p may be expected to be valid only for motion close
to such surfaces. , '

It is illuminating to solve for some simple flows
which mimic the displacement of a parcel along a given
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direction. Consider a symmetrically unstable basic flow
in which an external body force is applied locally along
an m surface. It can be shown that initially the motion
is along that m-surface but with competitive growth of
the most unstable normal mode along the neutral
buoyancy curve. Eventually the latter mode will dom-
inate. Alternatively we can imagine a local region of
warm air which could have arisen from a parcel dis-
placement along an r-surface. The subsequent motion
is essentially vertical, in effect returning the parcel back
to its neutral buoyancy curve. During this adjustment
the perturbation pressure force is as large as the buoy-
ancy force.

In conclusion, although the subsequent development
of parcel theory for symmetric disturbances will be
couched in terms of an arbitrary parcel displacement,
the parcel model can only be expected to give accurate
results for displacements close to the neutral buoyancy
curve. Numerical simulations show that for symmetric
instability the usual parcel trajectories are indeed close
to the neutral buoyancy curve (Bennetts and Hoskins
1979; Innocentini 1986; Thorpe and Rotunno 1989).
For other trajectories it is necessary to develop a more
complete parcel model in which the perturbation pres-
sure forces are assumed to support the displacement
field. This field would be continuous, and much more
akin to a normal mode structure. The parcel arguments
could then determine the maximum possible kinetic
energy that can be realized if the pressure forces are
able to perform their role in redistributing momentum
and kinetic energy. We do not pursue this extenswn
to parcel theory here.

b. The relationship of the parcel theory of symmetric
disturbances with the normal mode analysis

To demonstrate the relationship between parcel the-
ory and the linear instability analysis we consider here
the idealized case in which the gradients of the basic
flow are constants. Referring to Fig. 1 and neglecting
the perturbation pressure forces, we can write the fol-
lowing equations for the individual components of the
eddy kinetic energy:

D 0 — ey
EKTX_fuv

D ! — 1!

B;KTZ— w'b

D _, , av

EKL_ uvg' vwaz (3)

where § = f + 39/9x. The generation and conversion
terms on the right-hand side can be considered to be
rates of change following a parcel by writing, for ex-

ample,
1 ay! e D xl 1
fu'v' = _DlU;o fvdx]
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where (xp, X, ) are the x-coordinates of the parcel’s ini-
tial and current positions, respectively, and the prime
now refers to the difference between the parcel value
and that of the basic flow. The integrand is evaluated
along the parcel trajectory. Equation (2) can now be
rewritten in the form

rx = f Sfo'dx

= f b'dz
Zo

AK'L=—f v'fdx — f v——dz (4)
where A means the change over the parcel path. The
interpretation of these quantities as eddy kinetic ener-
gies is preferred to the more ambiguous term “available
potential energy” as they are really conversions as well
as generations of kinetic energy. To determine the eddy
quantities appearing on the right-hand side of Eq. (4)
we need to notice that from the y-momentum equa-
tion, m = v + fx is conserved following the motion.
Defining 1 = D + fx as the absolute momentum of the
basic flow then m’ = v'. As the parcel conserves its m
we can write the parcel m as my = V(xp, Z9) + fxo. So
v' = —(m — mp) and expanding m(x, z) = my + (x
— Xxp)(0m/8x) + (z — zy)(dm/3z) we obtain

6K’X=—ff (x——+z—)dx

where the initial location of the parcel has been taken
as xp = 0 for convenience. The use of the § is a reminder
that this formula is only true for small displacements
in general (or large displacements in a basic flow with
exactly constant gradients). The simplest way to eval-
uate the integral is to use the angles of the parcel tra-
jectory and the mean flow surfaces to the horizontal;
see Fig. 2.

Using &s to denote the distance traveled by the parcel,

ie., 8s = (x,2 + z,%)"/? we obtain:
1 2,00 COsa
K'rx 2(6s)fazco sin(a — az)  (5)
o sina
= 2 - —
0K'rz (6s) faz pe sn(aoﬂ a). (6)

In Eq. (6) use has been made of the relation b’ = zN,,2
— xf(8v/0z) which follows from the conservation of
6, by the parcel, N,? being defined as in Emanuel
(1983). We have also used the good approximation
that the horizontal gradient of 6 is equal to that for 0.,
the saturated equivalent potential temperature.

From Eqgs. (5) and (6) we see that K'ry = 0 if o
= a,; and 6K’z > 0 if a < a5, and the total transverse
kinetic energy 6K’y > 0 if:
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Ges
parcel

trajectory

FIG. 2. Orientation of the parcel trajectory and the mean m and
0, surfaces in the x-z plane, showing the relevant angles to the hor-
izontal. The mean flow gradients are taken to be constant or the
parcel displacement to be small.

tana,; | '/2
[1+(1— a'") ]tanaaesztana

tanag,,
. tana,; \'/?
2[1—(1— '") tanag,,

tanog,,
which includes the sector o5, > a >
adding the two equanons we obtain

=2 a,. Furthermore,

oK't = 2 (55)20'2 (6a)
where o is the growth rate of a normal mode as shown
in Bennetts and Hoskins (1979). Thus, the transverse
kinetic energy is maximized for a parcel displacement
along the direction of the most unstable linear mode.
Hence, the criteria for linear growth is the same as that
for the increase in transverse eddy kinetic energy upon
parcel displacement.

Furthermore, the longitudinal eddy kinetic energy

can be found directly or from Eq. (4) since v’ —(rFl
— M)
1y
sk = [ (h— odm = L iy — ). (7)

mg

This component of the eddy kinetic energy depends
only on the differences of the m of the parcel and that
of the surrounding air.

Finally, we note that simple expressions can be found
by defining the moist Richardson number R,
= N2/ (89/8z)? = N,*z;2/(AD)? and by taking the
parcel displacement to be along the neutral buoyancy
curve, i.e., a = a3,. We then obtain

=R,(1-R,2
2 (ab)? | f

K _ (1 —rS\1-r(E-
T (R R )) @
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Note that Ad is the vertical difference in the mean flow
over the trajectory. Both the total and the transverse
kinetic energy change are positive if R, < f/¢{, which
is the criteria for the linear growth of disturbances.
However, AK% is a maximum for R, = f/2{ while
AK' is a maximum for R, = 0. These differences are
due to the important contribution, most apparent at
zero Richardson number, from the eddy kinetic energy
of the along-band flow. These calculations suggest that
any estimation from soundings of the kinetic energy
of moist symmetric motions may be a considerable
underestimate if 6Kr is used. This leads to the some-
what unfamiliar idea that the stability of the flow is
determined by 6K'r but the total eddy kinetic energy
is 5K'. A more quantitative example of these differences
will be given in the next section.

¢. - Nonsymmetric baroclinic instability

As an aside from our main discussion of symmetric
disturbances it is illuminating to consider the same
techniques used to describe the nonsymmetric forms
of baroclinic instability. In the Introduction, it was
noted that Eady (1947) and Green (1960, 1984) in-
terpreted baroclinic instability in terms of slope con-
vection. The parcel model gives an interpretation of
the instability which circumvents some of the mathe-
matical details of the linear analysis. In essence, a two-
dimensional mode, which is oriented at right angles to
the symmetric axis or in the x-direction in our notation,
bypasses the angular momentum constraint by intro-
ducing longitudinal pressure gradients. Thus the y-
momentum equation becomes a statement of quasi-
geostrophy u' = — f~'d¢'/dy rather than of conserva-
tion of angular (or absolute) momentum, m, as in the
symmetric mode.

Thus consider, in Fig. 3, a parcel movmg “north”
in the negative x direction. The tendency of the parcel
to turn to the east due to the Coriolis force is balanced
exactly by the longitudinal pressure gradient. Using
the similar argument for a parcel moving south leads
to the necessity of low pressure between the two parcels.
(The symmetric mode, on the other hand, has zero
longitudinal pressure gradient so parcels must conserve
m as they move in the transverse direction.) The mo-

. tion of these two parcels when projected on a trans-

verse-vertical section is then as shown in the left-hand
side of Fig. 3. Note that the parcel motion described
in Fig. 3 is somewhat different in concept from that
described by Green (1984), where the notion of parcel
exchange is used. Such an exchange is misleading as
parcels A and B must be at different longitudes as just
described and as noted by Green (1984). We prefer to
imagine parcels A and B as always being distinct but
moving at the same angle o to the mean isentropes.
With the breaking of the angular momenturn con-
straint, Eq. (5) is no longer valid for Ky. However,
within the context of the parcel argument, (6) is still
valid for K%, and in the manner of Green (1984)
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FIG. 3. Parcel trajectories in baroclinic instability. Here A and B
are two parcels at different y and 6, starting at different positions in
the x-z plane but occupying the same x-z location at some later
time: (a) a vertical x-z section showing the basic isentropes and the
projections of the trajectories into the section; (b) a plan view on the
plane of the trajectories. In the absence of pressure gradients in the
y-direction, the trajectories would curve under the action of the Co-
riolis force as shown by the paths with the open arrowheads. With
low pressure (shown by the L) between the trajectories, the motion
can be straight and in geostrophic balance.

the trajectory angle o that maximizes this expression
can be determined. For unsaturated ascent this gives
a = a;/2, i.e., parcel displacements at half the angle
of the isentropes, and

1 a0
72 lmax = 5 (85)f 57 tan(a/2).

The y component of the pressure gradient force has
already entered the argument through its role in cir-
cumventing the angular momentum constraint. As
discussed in section 3a, the fact that the pressure gra-
dient comes into the argument is consistent only with
an extention of the notion of individual parcel dis-
placements to that of a continuous field of particle dis-
placements. Again, the role of the (x, z) pressure force,
neglected up to this point, is to make the energy gen-
erated by the buoyancy realized as 6K’y = 1(8x)%
Further, a3 < 1 and 6s ~ 0x, so that

2 (6w = 5 (o2 f 2

_1 g 80
=5 (&x) [00 /ZN]
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Assuming a fixed modal structure, this implies a max-
imum growth rate:

g 08

Omax = 05(0oax)/N'
This estimate of the growth can be compared, for ex-
ample, to the one from the more complete linear anal-
ysis of Eady (1947), which gives the coefficient to be
0.31 rather than 0.5. Lindzen and Farrell (1980)
showed that this formula with approximately the same
coefficient is remarkably accurate for the Charney
model and more general baroclinic instability prob-
lems.

A very important aspect of this parcel model is that
no explicit reference has been made to the boundaries
of the motion in the z-direction or to interior potential
vorticity gradients. However, the normal-mode theory
suggests that these ingredients are crucial for the growth
to be maintained, but gives maximum growth rates in
accord with the parcel theory argument that neglects
them.

Normal mode growth is not the only way for baro-
clinic development to occur. The initial-value calcu-
lations described by Farrell (1982) suggest that the
“parcel growth rates” as given in Eq. (9) can be sus-
tained for a limited, but not negligible, period even if
normal mode growth is not possible. Such nonnormal
mode development can be seen in the atmosphere when
a finite amplitude upper tropospheric trough or other
PV anomaly propagates into a region of tropospheric
baroclinity; in that it shows the possibility of eddy en-
ergy growth in such a case, the parcel model of baro-
clinic instability is in some ways more general than the
linear normal mode theory. However, it does not prove
the existence of such motions in the atmosphere,
merely the susceptibility of the atmosphere to such un-
stable displacements. The linear normal mode theory
is important in showing consistent mathematical so-
lutions in which such energy release occurs. Parcel the-
ory can in no way provide a substitute for the potential
vorticity view of the development of weather systems
(Hoskins et al. 1985) but it is useful in providing an
alternative perspective. Indeed, it illustrates the bal-
anced nature which underlies the application of “po
tential vorticity thinking.”

(9)

d. Parcel model of conditionally unstable symmetric
motion

The method of parcel theory is applied here to a
general basic flow without the restriction of uniform
gradients. It is important to consider the possibility
that the parcel can be lifted part or all of the way from
its lifting condensation level to its level of neutral
buoyancy. These two levels denote the finite vertical
extent of the unstable layer. For symmetric motions
these two equilibrium levels become equilibrium points
because the parcel not only has zero buoyancy there
but also it has zero anomalous m. This configuration
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FIG. 4. Parcel trajectory and mean flow surfaces in a confined
symmetrically unstable layer. Note that §,, and 7 are taken to in-
crease in the positive x-direction. The horizontal coordinates of the
various surfaces at the height, z,, are defined.

is illustrated schematically in Fig. 4, where a general
parcel trajectory is shown lying between the basic flow
m and 8., surfaces. In this section we follow the meth-
odology of Emanuel (1983) in an attempt to generalize
those results and to explicitly evaluate the various con-
tributions to the total eddy kinetic energy.
Following the analysis of section 3a, the expressions
for eddy kinetic energy given in Eq. (4) will be used
.remembering that the neglect of perturbation pres-
sure forces is only valid if the parcel displacement is
close to the neutral buoyancy curve, ie., if |x;
— X3, |/| x5, | <1, from Fig. 4. In this section we will
first obtain expressions for AKrand AK” before finding
approximate forms for the individual contributions
(AKY%y, AK'rz) which can be evaluated from data ob-
tained at a single station. The following expression for
v’ follows from parcels conservation of m:

V' = —fx — (D — ) (10)

where Uy = U (x = 0, z = 0) at the initial position of
the parcel. It is convenient to relate the parcel buoyancy
to the initial x location of the parcel, x = 0, by a first
order expansion:
. v
=p —xf— (11)
9z
where the caret is the value obtained imagining the
parcel to rise vertically at x = 0; there is no assertion
here that the actual parcel follows a vertical path. Note
‘that while b’ is small, b’ is typically substantially neg-
“ative.
From Eq. (4) we find upon substitution of Egs. (10)
and (11) that the total eddy kinetic energy at a general
point (x,, z;) along the trajectory is given by
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Xy 2y 5| .
AK' = f fx%dxff_ (B — To)dD + CAPE

where v, = U (x = X, z = z,) is the mean flow on the
parcel trajectory and CAPE = [;' b'dz as defined from
a thermodynamic diagram. Defining AD = 7, — Ty, we
can relate this to the vertical change in ? at x = 0 again
assuming small horizontal gradients of vorticity:

av

ax '

Also AD = — {x,; so that Eq. (11), with the assumption
of constant 8v/dx over the horizontal extent of the
trajectory, becornes

Av—Av—xl

v X1
FY (2xm
Note that x,; is known from single station data and
an estimate of the mean vorticity {. A good estimate
for x; is that found by assuming the parcel trajectory
to be close to the neutral buoyancy curve, ie., x;
= Xxj, where x5, =
zZ=2.

Using Eq. (7), which is true in general as well as for
uniform gradients, and the above approximations, we
obtain

2
X
AK'=CAPE+§'2—2——§' x1). (12)

, _§ N2
AKL_E(XI — Xr) (13)
and thus the transverse kinetic energy is obtained by
subtracting Eq. (13) for Eq. (12):

= CAPE+f§x,(2x,;,—x1). (14)
Notice that over the total trajectory to the point of
neutral buoyancy: )
zy=H, and

X = x,;,=xaﬂ=L,

2
AK' = AK’y = CAPE + f:xT’" = SCAPE

where SCAPE has been defined by Emanuel (1983).
The kinetic energy associated with the longitudinal.
eddy motion peaks around the midlevel of the cloud
and is zero at the condensation level and the level of
neutral buoyancy. As already noted at the midlevel,
AK; can be a substantial contribution to AK".

The individual components of AK’ can be sepa-
rately evaluated using the method described here. A
convenient way to write them is as follows:

e = ff% (2x,7 — x1) + CAPE

- f fz. i (x3,, — x)dz

21 9D
'rz=fj; i(Xa,,—x)a’z. (15)

Ay

bi/{f(&ﬁ/&z)], is evaluated at - -
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Note that it is plausible to take x = x;,, for a realistic
trajectory making the integral zero. Otherwise, the in-
tegral cannot be found in closed form unless x;(z) is
known. Equation (14) is-a general form of Eq. (25) of
Emanuel (1983), which was derived for a simplified
mean atmospheric structure.

Care needs to be taken if the eddy kinetic energy is
to be evaluated at a point on the trajectory below cloud
top. As shown by Emanuel (1983), the transverse ki-
netic energy AK'ris only dependent on the end points
of the trajectory and not on the path of the trajec-
tory itself. It is convenient then, if the end points are
cloud base and cloud top, to evaluate Eq. (14) with
Xy = X;. As an example, imagine a cloud layer of
depth 4 km, midlayer values of b' = g(—2K) /6, 30/9z
=10"2s7!, and { = 1.5f. Then x;_, = —67 km and
Xm = —133 km and from Eq. (14) we find that

AK'r (8, trajectory) = CAPE + 100 m?s~2,
'r (m trajectory) = CAPE + 132 m2s~2,

As noted by Emanuel (1983 ) there is more kinetic en-
ergy, for a fixed vertical displacement, in the m trajec-
tory. However, it is apparent both from linear theory
and numerical simulations that parcels ascend close to
the neutral buoyancy curve, which indicates the im-
portance of the perturbation pressure forces, neglected
in these calculations of AK’, for m surface tra-
jectories. It is also clear, from Eq. (6a), that for a dis-
‘placement of fixed (slantwise) length that the maxi-
mum kinetic energy is produced for the trajectory along
the same direction as the slope of the mode of fastest
linear growth rate which is very close to a 4, trajec-
tory.

Taking a neutral buoyancy trajectory, the longitu-
dinal kinetic energy in this example can be found from
Eq. (13) to be AK7, = 50 m?2 s~2, This is equivalent to
a longitudinal eddy flow of |v'| ~ 10 m s~!. It seems
likely that mesoscale observations of frontal rainbands
can most simply be used to assess the validity of the
slantwise convection theory by finding v’; stable con-
densation at fronts or indeed upright convection would
have a signature of v’ =~ 0 in the cloud layer. The
above figures forAK7, imply that an ageostrophic along-
front flow of 10 m s~ is typical which is well capable
of being detected in field data.

4. Other applications of the parcel method

In an attempt to draw together other applications of
the parcel method we now consider its use in small-
scale convectively unstable flow and the “extension”’to
parcel theory described by Green et al. (1966).

a. Parcel model of upright convection

It is informative to return to the more familiar form
of convective instability; namely, that which occurs on
a small horizontal scale of 50 km or less so that eddy
Coriolis forces can be neglected. From the discussion
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of section 3a it is apparent in this case that parcel tra-
jectories have significant buoyancy so that the neglect
of the perturbation pressure forces is not a good ap-
proximation. However, in kinetic energy terms, the
buoyancy term in G feeds directly into the kinetic
energy of the vertical motion K. This is consistent
with the amplification of a vertical displacement, re-
quiring no redistribution by the pressure term. Thus,
simple parcel arguments may be expected to be more
successful in giving information about vertical stability
than about horizontal momentum transports. We now
illustrate these points by applying the theory developed
in section 3.

Suppose, for simplicity, that the parcel theory is to
be applied to a two-dimensional squall line oriented
across the thermal wind, i.e., along the x-axis. Neglect-
ing Coriolis forces, we can set #' = 0 and /3y = 0 in
the kinetic energy equations. A description of the non-
linear dynamics of such squall lines is given in Thorpe
et al. (1982). From Eq. (4) the only nonzero terms
are

te= | bdz
20
zy 9D
AK'L=—f v 2L d;
n 02

where it has been assumed that the basic flow has zero
relative vorticity. The y-momentum equation becomes
a statement of the conservation of v (since we are using
the parcel hypothesis of the neglect of the pressure
forces). Consequently, for a parcel displacement from
(¥o, 20) to (¥1, z;) we have'v' = —(V — ) where ¥y
= 9(yo, 2o). Consequently, the expression for AK7 can
be integrated exactly giving

rz= CAPE and AK} = - (9, — Ty)?

N | =

where v, = v(y,, 21). Note that as in the previous
example of slantwise convection the stability is deter-
mined by AK'r alone; consequently, in this case unsta-
ble motion occurs if CAPE > 0 or there is positive area
on a thermodynamic diagram. For a typical midlati-
tude sounding 7, — Tp ~ 30 m s ™! so, given the neglect
of pressure forces, it is obvious that the horizontal out-
flow at anvil level will represent a 30 m s ! deficit com-
pared to the mean flow at that level. Horizontal mo-
mentum deficits are features of severe storms but are
not consistent with conservation of momentum as en-
visaged in this simple parcel model. It is well known
that horizontal momentum is not conserved in a severe
storm updraught as the horizontal pressure forces are
crucial.

For upright convection then, although the estimate
for the vertical eddy kinetic energy is useful in providing
an upper limit to the intensity of convection, the parcel
theory is extremely poor for estimating the horizontal
component. The steady energetics model of Moncrieff
and Green (1972) allows a proper inclusion of the
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M+EM

M

FIG. 5. Isentropic trajectory of an air parcel in synoptic-scale flow (open arrow).
Contours of the Montgomery streamfunction, M, are shown by solid lines. The per-
pendicular distance of the parcel from its geostrophic trajectory position is shown by
a dashed line, 8/.

pressure forces but, as will be described, abandons par-
cel theory in favor of the steady flow hypothesis. This

hypothesis can also be called into question for a severe

storm, although for certain long-lived squall lines the
model is reasonably realistic; see Thorpe et al. (1982).

b. “Extended” parcel theory

A totally different concept underlies the “extended
parcel theory” which Moncrieff and Green (1972), for
example, have applied to cumulonimbus convection
~ and Green et al. (1966) to synoptic scale flow. In the
latter case the atmosphere is taken to be continuous
and the flow is assumed to be along steady, known
trajectories. There is no split into parcel and environ-
ment. A conserved energy, akin to the Bernoulli func-
tion in fluid mechanics, is used to determine flow speed
along the trajectories. The pressure field can be taken
into account if the hydrostatic approximation is ap-
plicable. There is really only a superficial relationship
between this “extended” theory and ordinary parcel
theories which arise due to their common use of the
kinetic energy equation. The former case is perhaps

better described, following Moncrieff (1978), as the

steady theory of cumulonimbus convection. This the-
ory uses the, albeit steady, equations of motion to de-
termine a complete flow structure in two-dimensional
situations. Detailed observations and/or numerical
model data from initial value simulations are needed
to say whether any of the supposed flow regimes ex-
amined with the steady theory can arise in nature. We
consequently make the point that in either case the
term “extended” parcel theory is a misnomer.

- To illustrate some of the difficulties of applying the
steady, energetics model we return to the analysis of
Green et al. (1966) and Betts and Mcllveen (1969).
In these papers the important point was made that in
a midlatitude cyclone the air flow is often part of two
anticyclone circulations. In the eastern one, warm air
rises moist adiabatically from the subtropics, moving
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actual
trajectory

geostrophic
trajectory

northward and eastward while in the other anticyclone,

dry, cold air descends, moving towards the south and

west. These two circulations meet in a frontal zone,
which appears as a narrow cyclonic vortex sheet. This
description arose from trajectory analysis. They further
use the conserved Bernoulli function in steady motion
to estimate the increase in kinetic energy of the air as
it progresses northward. A practical difficulty of apply-
ing the technique is apparent if we take the kinetic
energy equation in isentropic coordinates for (dry)
adiabatic frictionless motion:

D (1 oy ar) oM

Dt(2|“|'+ﬂl) at
where M = ¢, T + ¢ is the Montgomery function. In
steady motion |u|2/2 + M is constant along trajec-
tories. Consider the almost geostrophic motion illus-
trated in Fig. 5. The actual trajectory crosses the M
surfaces which themselves would be trajectories if the
flow were geostrophic. Using the conserved quantity

. along the actual trajectory,

%(V+MY+AJ+MM=%V2+M'

which leads, to first order, to the equality
Vév+ oM = 0.

By definition, for almost geostrophic motion, fo
~ |VM]|. Also, M = — |V M| 8l where 8/is the distance
perpendicular to the M surfaces between the actual
and geostrophic trajectories. Therefore, we find that

ol = +ov/f.

As is directly apparent from the equations of motion,
the ageostrophic displacement of the trajectory is re-
lated to the increase in flow speed. Green et al. (1966)
use the moist equivalent of this analysis, specifying the
trajectory and obtaining the implied flow speed. How-
ever, we see from the above that an error of only 100
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km in the trajectory is equivalent to an error in flow
speed of about 10 m s™'. The ageostrophic displace-
ment is, in general, much more difficuit to find from
data than the wind speed. Synoptic data with resolution
of order 300 km seems too coarse to use this technique
with any accuracy. In fact, Danielsen (1961) used a
similar kinetic energy equation to correct the supposed
trajectories rather than to predict the final flow speed.

5. Discussion

The calculation of the generation of eddy kinetic
energy in a simple two-dimensional baroclinic flow is
one method with which to examine the susceptibility
and structure of instabilities developing in the flow.
The aim of this paper has been to draw together several
studies addressing this approach in synoptic, mesoscale,
and convective dynamics. Figure 1 indicates, without
approximation, the various generation and conversions
occurring in the presence of a developing eddy of, pos-
sibly, finite amplitude. The complexity of this energy
diagram suggests that, in general, models of eddy de-
velopment based on energetics will rarely provide a
simpler or clarifying view compared to models based
on the equations of motion. However, the criteria for
the susceptibility of general flows to instabilities uses
a variational technique based on the kinetic energy
equation [see Fjortoft (1946) and Eliassen and
Kleinschmidt (1957)]. Here we have explored a sim-
pler and approximate form of that approach known as
parcel theory in the usual form of which the pertur-
bation pressure forces are neglected. We now sum-
marize the points made in this paper:

e Simple parcel theory relies on an abandonment
of the continuum hypothesis to replace the fluid by
two entities—the parcel and the undisturbed environ-

o-
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ment through which it moves. A good example of the
radical nature of this hypothesis is in the case of sym-
metric instability. The parcel model assumes the parcel
to ascend, and reach its neutral buoyancy point where
it will perform inertial “circles” until the excess kinetic
energy is dissipated by smaller scale mixing; see Fig. 6
for a schematic of the motion of the parcel relative to
the mean flow. In contrast, a linear normal mode will
predict that as some parcels rise, there is compensating
descent, producing the characteristic roll circulation
(Bennetts and Hoskins 1979). In upright moist con-
vection the differences in the two approaches may not
be so serious as the air ascending to cloud top can flow
out freely horizontally; any compensating descent tak-
ing place on the scale of the Rossby radius of defor-
mation. _

e In general the notion of single parcel displacements
being enhanced is inconsistent, as this is possible only
if a pressure field exists. Parcel displacements must then
be considered as a continuous field, and estimates ob-
tained from the kinetic energy equation provide ideas
of unstable structures and their growth rates subject to
the possibility of the existence of the necessary pressure
field.

e The “extended’ parcel theory discussed by Green
et al. (1966) and used by Moncrieff and Green (1972)
is very different from even the extension of parcel the-
ory described here. Its use on the synoptic scale appears
limited. If further dynamical constraints are used it
can describe the steady aspects of cumulonimbus con-
vection.

e A consideration in assessing the realism of the
parcel method is that it can only predict cloud top
height if a parcel traverses the cloud layer in a short
time compared with changes in the parcel environment.
For moist symmetric motion the time for the parcel

O+

Ik

Z=0,X=0

W4

FIG. 6. Plan view of the relative trajectory of a parcel ascending in a moist symmetric
cloud. The height of the trajectory and the sense of the vertical velocity are indicated
by labels z and w, respectively. Isentropes and the thermal wind are also shown. The
radius of the inertial “circle” is O(u'/f ~ 100 km) and it is elongated in the y-

direction by the factor ({/f)"/>.
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ascent might be a few hours while for upright convec-
tion this time might be 20 min. It is clear that this
assumption of parcel theory is more justified for upright
convection than for symmetric instability.

e Parcel theory gives a description of the growth by
baroclinic processes which applies to a wide class of
situations. It is however unable to provide a complete
dynamical picture.

® For moist symmetric instability the parcel theory
can be used only because fluid moves approximately
along neutral buoyancy curves; thus, the perturbation
pressure forces are small. The kinetic energy generation
equations include not only the generation of kinetic
energy of the transverse motion but also of the along-
band or longitudinal motion. The stability of the flow
to moist symmetric disturbances can be estimated by
lifting parcels in the transverse direction and deter-
mining whether the eddy transverse kinetic energy in-
creases. However, the total eddy kinetic energy is, in
general, substantially greater than the transverse kinetic
energy. The ageostrophic along-band motion may be
the clearest signature of moist symmetric instability in
mesoscale observations of frontal rainbands as it is
known that the frontal-scale flow is closely in geo-
strophic balance in this direction. In contrast, the
transverse ageostrophic motion of the frontal rainbands
may be exceedingly difficult to disentangle from the
ageostrophic cross-frontal circulation.
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