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Abstract. Alfvén intermittent turbulence has been observed in the solar wind. It has been previously shown that the
interplanetary Alfvén intermittent turbulence can appear due to a low-dimensional temporal chaos [1]. In this paper, we study
the nonlinear spatiotemporal dynamics of Alfvén waves governed by the Kuramoto-Sivashinsky equation which describes
the phase evolution of a large-amplitude Alfvén wave. We investigate the Alfvén turbulence driven by a high-dimensional
interior crisis, which is a global bifurcation caused by the collision of a chaotic attractor with an unstable periodic orbit. This
nonlinear phenomenon is analyzed using the numerical solutions of the model equation. The identification of the unstable
periodic orbits and their invariant manifolds is fundamental for understanding the instability, chaos and turbulence in complex
systems such as the solar wind plasma. The high-dimensional dynamical system approach to space environment turbulence
developed in this paper can improve our interpretation of the origin and the nature of Alfvén turbulence observed in the solar
wind.

INTRODUCTION

In a recent paper by Chian, Borotto and Gonzalez [1],
Alfvén turbulence driven by a low-dimensional chaos in
the solar wind was studied. Through a numerical analysis
of the stationary solutions of the driven-dissipative non-
linear Schrödinger equation, two types of interplanetary
Alfvén intermittency were identified: type-I Pomeau-
Manneville intermittency and interior crisis-induced in-
termittency. The nonlinear Schrödinger equation and the
derivative nonlinear Schrödinger equation have also been
used to model the propagation of finite-amplitude Alfvén
waves [2, 3] and the formation of magnetic holes [4] in
the solar wind, as well as the solar corona heating [5].
The spatiotemporal chaos of Alfvén waves appears in a
system of MHD coupled wave equations that are the gen-
eralization of the nonlinear Schrödinger equation [6].

It was demonstrated by Lefebvre and Hada [7] that
under the assumption of weak instability and wave-
packet limit the derivative nonlinear Schrödinger equa-
tion, that describes the modulational instability of quasi-
parallel Alfvén waves of moderate amplitudes in a finite
β plasma, reduces to a complex Ginzburg-Landau equa-
tion. In this paper, we study the spatiotemporal dynam-
ics of a nonlinear Alfvén wave in the solar wind governed
by the Kuramoto-Sivashinsky equation, which under cer-

tain approximations describes the phase evolution of the
complex amplitude of the Ginzburg-Landau equation.

THE KURAMOTO-SIVASHINSKY
EQUATION

The one-dimensional Kuramoto-Sivashinsky equation
can be written as [8]

∂t u �	� ∂ 2
x u � ν∂ 4

x u � ∂xu2 
 (1)

where ν is a ‘viscosity’ damping parameter. We assume
that u

�
x 
 t � is subject to periodic boundary conditions

u
�
x 
 t �� u

�
x � 2π 
 t � and expand the solutions in a dis-

crete spatial Fourier series

u
�
x 
 t ��� ∞

∑
k ��� ∞

bk

�
t � eikx � (2)

Substituting Eq. (2) into Eq. (1) yields an infinite set of
ordinary differential equations for the complex Fourier
coefficients bk

�
t �

ḃk

�
t ��� �

k2 � νk4 � bk

�
t ��� ik

∞

∑
m ��� ∞

bm
�
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 (3)
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where the dot denotes derivative with respect to t. Real-
ity of u

�
x 
 t � implies that b � k � b �k . We restrict our in-

vestigation to the subspace of odd functions u
�
x 
 t � �

� u
� � x 
 t � assuming that bk

�
t � are purely imaginary by

setting bk

�
t ��� � iak

�
t � �

2, where ak

�
t � are real. Equation

(3) then becomes

ȧk

�
t ��� �

k2 � νk4 � ak

�
t ��� k

2

∞

∑
m ��� ∞

am
�
t � ak � m

�
t � 
 (4)

where a0 � 0, 1 � k � N, N is the truncation order. We in-
tegrate the high-dimensional dynamical system given by
Eq. (4) using a fourth-order variable step Runge-Kutta
integration routine. We choose N � 16, since numerical
tests indicate that for the range of the control parameter
ν used in this paper the solution dynamics remains es-
sentially unaltered for N � 16. In all the computational
results presented in this paper, higher order truncations
yield the same numerical conclusions as the 16-mode
truncation. We adopt a Poincaré map with the

�
N � 1 �

dimensional hyperplane defined by a1 � 0, with ȧ1 � 0.

Nonlinear Dynamical Analysis

A bifurcation diagram can be obtained from the nu-
merical solutions of the 16-mode truncation of Eq. (4) by
varying the control parameter ν and plotting the Poincaré
points of one Fourier mode after discarding the ini-
tial transient. Figure 1a shows a period-3 (p-3) window
where we plot the Poincaré points of the Fourier mode
a6 as a function of ν . The corresponding behavior of the
maximum Lyapunov exponent is shown in Fig. 1b. Ev-
idently, the high-dimensional temporal dynamics of the
K-S equation preserves the typical dynamical features of
a low-dimensional dynamical system. The dotted lines
in Fig. 1a denote the Poincaré points of the p-3 unstable
periodic orbit (UPO) which emerges via a saddle-node
bifurcation at ν � 0 � 02992498, marked SN in Fig. 1a. In
this paper, we will analyze the role played by this p-3
UPO in the onset of interior crisis at νIC � 0 � 02992021,
marked IC in Fig. 1.

The interior crisis at νIC occurs when the p-3 UPO
collides head on with the 3-band weak strange attractor
evolved from a cascade of period-doubling bifurcations,
as seen in Fig. 1a.

The interior crisis leads to a sudden expansion of
a strange attractor, turning the weak strange attractor
(WSA) into a strong strange attractor (SSA), as seen
in Fig. 2. Figure 2 is a 3-dimensional projection (a1,
a10, a16) of the strong strange attractor (light line) de-
fined in the 15-dimensional Poincaré hyperplane right
after the crisis

�
ν � 0 � 02992020 � , superimposed by

the 3-band weak strange attractor (dark line) at crisis
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FIGURE 1. (a) Bifurcation diagram of a6 as a function of
ν . IC denotes interior crisis and SN denotes saddle-node bifur-
cation. The dotted lines represent a period-3 unstable periodic
orbit. (b) Variation of the maximum Lyapunov exponent λmax
with ν . (c) Variation of the correlation length σ with ν .

�
ν � 0 � 02992021 � . The abrupt increase in the system’s

chaoticity after the interior crisis can be characterized by
the value of the maximum Lyapunov exponent

�
λmax � ,

plotted in Fig. 1(b). At crisis
�
νIC � 0 � 02992021 � , λmax �

0 � 35, and after the crisis at ν � 0 � 02992006, λmax � 0 � 62.
In Fig. 1(c) we plotted the spatial correlation length σ ,
which remains basically unaltered throughout the whole
range of ν used in Fig. 1. This means that there is little
variance in the spatial disorder of the pattern. An inspec-
tion of the spatiotemporal pattern u

�
x 
 t � after the crisis�

ν � 0 � 02992006 � , shown in Fig. 3, reveals that for the
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FIGURE 2. Three-dimensional projection � a1, a10, a16 � of
the strong strange attractor SSA (light line) defined in the
15-dimensional Poincaré hyperplane right after crisis at ν �
0 � 02992020, superimposed by the 3-band weak strange attrac-
tor WSA (dark line) at crisis � ν � 0 � 02992021 � .

FIGURE 3. The spatiotemporal pattern of u � x � t � after the
crisis at ν � 0 � 02992006. The system dynamics is chaotic in
time but coherent in space.

chosen values of ν and the spatial system size L � 2π ,
the dynamics of the Kuramoto-Sivashinsky equation is
coherent in space.

On the Poincaré hyperplane an unstable periodic orbit
turns into a saddle fixed point, with its associated invari-
ant stable and unstable manifolds. At crisis, only one of
the 16 stability eigenvalues of the p-3 UPO illustrated in
Fig. 1a has an absolute value greater than 1. This implies
that its invariant unstable manifold is a one-dimensional
curve embedded in the 15-dimensional Poincaré space.
Of the remaining eigenvalues, one has absolute value
equal to unity and all the other fourteen have absolute
values less than one, implying that the invariant stable
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FIGURE 4. Three-dimensional projection � a1 � a10 � a16 � of
the invariant unstable manifolds of the period-3 saddle
(crosses) right after the crisis at ν � 0 � 02992020.

manifolds have dimension fourteen. Although we have
adopted a 16-mode truncated system in our analysis, all
the calculations performed can be extended to an arbi-
trary high number

�
N � ∞ � of modes for an appropriate

choice of ν and L. Figure 4 is a plot of the projection
of the invariant unstable manifold of the p-3 UPO onto
three axes

�
a1

 a10


 a16 � at ν � 0 � 02992020, right after the
interior crisis. The crosses represent the p-3 UPO. The
invariant unstable manifolds consist of infinitely many
distinct, discrete Poincaré points whose backward orbits
converge to the saddle.

We proceed next with the characterization of the high-
dimensional crisis at νIC by showing in Fig. 5 the colli-
sion of the weak strange attractor with the p-3 UPO in
the reduced 2-dimensional Poincaré plane

�
a5 vs. a6 � , in

the vicinity of the upper cross in Fig. 4. The dark line
denotes the strange attractor, and the light line denotes
the numerically computed invariant unstable manifold of
the saddle periodic orbit. Figures 5a,b,c display the dy-
namics before, at, and after the crisis, respectively. Note
that the strange attractor always “overlaps" the invariant
unstable manifold. At the crisis point νIC � 0 � 02992021,
the chaotic attractor is the closure of one branch of the
unstable manifold of the p-3 UPO, as seen in Fig. 5b. The
“head-on" collision of the weak strange attractor with the
p-3 UPO at νIC, shown in Fig. 5b, proves the occurrence
of an interior crisis. Although we are showing only two
of the 16 modes, the collision can be seen in any choice
of Fourier modes. This collision leads to an abrupt ex-
pansion of the strange attractor, as seen in Fig. 5c. A
comparision of Figs. 2 and 4 confirms that, after the cri-
sis, the strong strange attractor and the invariant unstable
manifold “overlap” with each other.
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FIGURE 5. The plots of the strange attractor (dark line) and
invariant unstable manifolds (light lines) of the saddle before
(a), at (b) and after (c) crisis. The cross denotes one of the
saddle points.

DISCUSSION

The high-dimensional interior crisis discussed in this
paper can improve our understanding of Alfvén inter-
mittent turbulence in the Solar wind. Observations of
Alfvénic intermittent turbulence in the solar wind were
reported by Marsch and Liu [9] and Tu and Marsch
[10]. Using the Helios 2 data in the inner solar wind
between 0.3 and 1.0 AU, they identified the multifractal
nature of interplanetary Alfvénic fluctuations and the de-
pendence of Alfvénic intermittent turbulence on stream

speed and radial distance from the Sun. It was shown by
Chian, Borotto and Gonzalez [1] that an interior crisis
can induce a temporal Alfvén intermittency, yielding a
power-law spectrum similar to the typical power spec-
tra of Alfvénic turbulence observed in the interplanetary
medium. The present paper suggests that the spatiotem-
poral intermittency of interplanetary Alfvén waves can
be driven by an interior crisis. There is observational ev-
idence of Alfvén chaos in the solar wind. A nonlinear
time series analysis of Alfvén waves in the low-speed
streams of the solar wind detected by the Helios space-
craft in the inner heliosphere shows that the Lyapunov
exponent and the entropy are positive, which indicates
that the solar wind plasma is in a chaotic state [11].
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